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Abstract. B. Harbourne and C. Huneke conjectured that for any ideal I of fat points in ¥ N its r-th 
symbolic power 1^ should be contained in M' JV_1 ' r / r , where M denotes the homogeneous maximal 
ideal in the ring of coordinates of V" . We show that this conjecture holds for the ideal of any number of 
simple (not fat) points in general position in P 3 and for at most N + 1 simple points in general position 
in ¥ N . As a corollary we give a positive answer to Chudnovsky Conjecture in the case of generic points 
in P 3 . 



1. Introduction 



Let K be a field of chracteristic zero, let KpP^] = K[xq, . . . ,xjsr] denote the ring of coordinates of 
the projective space with standard grading. Let / C K[P W ] be a homogeneous ideal. By m-th symbolic 
' power we define 

^ ! I {m) = K[W N ] n ( p| r^KpP^p), 

peAss(7) 

where the intersection is taken in the ring of fractions of K[P W ] . By a fat points ideal we denote the ideal 



m v7 



where m p denotes the ideal of forms vanishing at a point p G P N , and rrij > 1 are integers. Observe that 
for a fat points ideal / as above 

q : 

' Let M — (xq, . . . ,xjv) C KpP-"] be the maximal homogeneous ideal. In [Har-Hun 11) Harbourne and 

Huneke posed the following Conjecture: 

Conjecture 1 (Harbourne-Huneke). Let I be any fat points ideal in K[P N ] . Then /( rAr ) C M r{ - N -^F 
holds for all r > 1 . 

More about conjectures dealing with containment problems, i.e. showing that Jw c M k I e for various 
j,k,£ can be found in [Har -Hun 11] , |Boc-Har lOaj and [Boc-Har 10bj . 

A sequence m = (mi, . . . , m n ) of n integers will be called a sequence of multiplicities. Define the ideal 
of generic fat points in KpP^] to be 



J(m) = I (mi, . . . , m„) = Q 

3=1 



m p7 



for points pi, . . . ,p n in general position in P N (for mj < we take = KfP^]). We will use the 
following notation: 

m xs = (m, . . . , m) . 

s 

In [Har-Hun 111 Proposition 3.10] Conjecture [1] has been verified for ideals of generic points in P 2 : 
Theorem 2 (Harbourne-Huneke). Let I = I(l xn ) C K[P 2 ]. Then 1^ C M r I r . 
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In the paper we show that Conjecture [T] holds for any number of generic points in P 3 and for at most 
N + l generic points in F N for all N > 2: 

Theorem 3. Let I = I{l xn ) C K[P 3 ]. Then 2< 3r ) C M 2r T. 

Theorem 4. Let L = 2(l x ") C K[P W ]. If n < N + 1 then I<- Nr ) C M {N -^ r T r . 

Theorem [3] follows from Propositions rTJJ HU [H] and [TBI while Theorem 0] follows from Proposition [T51 
and HH 

For a homogeneous ideal I C K[P W ] define 

It = {/ G / : deg(/) = *}, 

and 

a(I) = mm{t > : I t ^ 0}. 
In [Chud 81] Chudnovsky posed the following conjecture: 

Conjecture 5 (Chudnovsky). Let I be the ideal of a finite set of points in P N . Then 



N-l 



N 

More about this conjecture can be found e.g. in |Har-Hun llj . It is shown there that this Conjecture 
holds for P 2 and that it holds for an ideal I C K[¥ N ] whenever I^ C M^-^F (cf. Lemma 3.2 in 
Har Hun llj). Therefore, as a corollary of Theorem [3] we get 

Proposition 6. Chudnovsky Conjecture holds for any number of generic points in P 3 . 

We also recall the following numerical quantity, which we will need later: 
Proposition 7. Let I C K[F N ] be a non-zero homogeneous ideal. Define the Waldschmidt constant 

7 (I)= lim ^1. 
m — >oo m 

Then the following holds: 

(1) j (I) exists and satisfies a(I^ m ^) > 7717(2) for all m > 1, 

(2) if I C J are ideals then 7(2) > j{J), 

(3) If I is an ideal of fat points then 7(2^) = rj(I). 

Proof. The proof of part 1) is given in [Boc-Har 10a] (Lemma 2.3.1 and its proof). For 2) observe that if 
I C J then C j[ m ^ hence a(I^) > a{J^). To prove 3) consider the subsequence rm, m — > 00: 

a(jM) 1 a((/( r ))( m )) 
= — lim ■ 

>oo rm r rn — >®o 

□ 



7 (2)= hm £» = I lim ggl s V)), 



2. Results for P 3 

In this section we assume N = 3. 
Proposition 8. Let m be a sequence of multiplicities. If 

2(mi,m2,m 3 ,m4,m) (J 7^ 

2 (mi + fc, m 2 + fc, m 3 + k, m 4 + k,m) d +k ^ 
/or fc — 2d — mi — 7/7,2 — m 3 — 7714. 

Proof. If nij + fc > for j = 1,2,3,4 then it follows by applying Cremona transformation |Dum 09l 
Theorem 3] . If d < rrij for some j then the claim holds trivially. Now consider the case (we can permute 
points, if necessary) fc + mi < 0. It follows that 

£ = 2d — mi — m,2 — m 3 < 

and each element in 2(mi , ni2 , m 3 , m 4 , m) has a factor f l , where / denotes the equation of the hyperplane 
passing through points associated with mi, 7712, m 3 (cf. |Dum 09l Theorem 4]). It follows that there 
exists an element of degree d + £ in 

2(mi + £, m 2 + I, m.3 + £, m^m). 



If d + k = 3d — mi — ~ "^3 ~ "14 is negative then d + i < m± and again the claim holds trivially. Take 
d' = d + £, m'j = rrij + £ for j = 1, 2, 3, m' 4 — 7714. By easy computations we check that for 

k = 2d' — m 1 — m' 2 — m' 3 — m\ 

we have d' + k' = d + k, rrij + k = m/j + k' for j = 1, 2, 3, m' 4 + k' = 0, to 4 + k < 0. If k' + m'j > for 
j = 1,2,3 then we are done by Cremona transformation. If not, we reorder points and make this trick 
again, until Cremona is possible. 

Alternatively, we can blow up ir : X — > P 3 at pi , . . . , p n and observe that standard birational 
transformation of P 3 induces an action on Pic(Jf) such that ir*(H) 1 — ► 3ir*H + 2(Ei + E 2 + E3 + E4), 
Ej 1 — > H + {Ex +E 2 + E 3 + E 4 ) - Ej for j = 1, 2, 3, 4 and Ej 1 — > E j for j > 4. □ 

Theorem 9. Letm be a sequence of multiplicities. Then 7(/(l x8 ,m)) > 7(7(2, to)). 

Proof. We begin with showing that a(/(TO x8 )) > 2m. Indeed, assume that there exists an element of 
degree 2to— 1 in J(to x8 ). We will show that for each s > there exists an element of degree 2to— (8s 2 + 1) 
in 

/((to - (4s 2 - 2s)) x4 , (to - (4s 2 + 2s)) x4 ), 
which leads to a contradiction for s big enough. 

For s = the claim holds, now we argue by induction. Take 

k = 2(2to - (8s 2 + 1)) - 4(m - (4s 2 - 2s)) = -8s - 2, 
by Proposition [8] there exists an element of degree 2to — (8s 2 + 1) + k = 2m — 8s 2 — 8s — 3 in 

7(to' x4 ,(to-(4s 2 +2s)) x4 ) 

for 

to' = m - (4s 2 - 2s) + k = to - 4s 2 - 6s - 2 = m - (4(s + l) 2 - 2(s + 1)). 

Again, take 

k = 2(2to - 8s 2 - 8s - 3) - 4(to - (4s 2 + 2s)) = -8s - 6, 
and use Proposition [5] The degree of the obtained element is equal to 

2m - 8s 2 - 8s - 3 + k = 2m - 8s 2 - 16s - 8 - 1 = 2m - (8(s + l) 2 + 1) 
and it belongs to I(m' x4 ,m" x4 ) for 

to" = to - 4s 2 - 2s - 8s - 6 = to - (4(s + l) 2 + 2(s + 1)), 

which completes the induction. 

Let J = 1(2, to), let I = 7(l x8 ,m), take m > 1 and assume that (J (m) ) t = 0. Since (/(m x8 ))2 m -i = 
0, we can "glue" points m x8 — > 2m as in [Dum 09l Theorem 9] to show that (I ( - m - ) )t = 0- Hence 

a{I {m) ) > a(J (m) ) 

and, by Proposition \7\ 

a(J (m) ) > 7 (J)m. 

Dividing by to and passing to the limit completes the proof. □ 
Proposition 10. Let s,r > 1, let n > r8 s . Then 

7(/(l x »)) > 2 s 7 (/(l xr )). 

Proof. Since J(l x ") C 7(l xr8S ) we have 7(/(l xn )) > 7(/(l xr83 )). Applaying Theorem MrS 3 " 1 times we 
get 

7U(l X '' 8S ))>7U(2 xr8S ")). 

Observe that 

jpjX'B*- 1 ) = (/(l^ 8 ^ 1 ))^), 

and hence by Proposition [7] 

7U(2 xr8S ")) = 2 7 (/(l x '- 8 ^ 1 )). 
Repeat the above s — 1 more times to complete the proof. □ 

Proposition 11. The following inequalities hold: 

(1) 7(^(1)) > 1, 

(2) 7 (/(l x4 )) > I, 

(3) 7 a(l xn ))>!/°rn = 5,6,7 7 
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(4) 7 (/(l x24 )) > f , 

(5) 7(7(2,2,2,1,1)) > f, 

(6) 7(7(2,2,1,1,1)) > |. 

Proof. (1) This is obvious. 

(2) Let I = 7(l x4 ). Take m > 1 and assume that (7< 3m )) 4m _i ^ 0. By Proposition [S] there exists 
an element of degree —3 in 7((— m — 2) x4 ) = 7(0,0,0,0) = KfP^], a contradiction. Hence 
a{I (3m '>) > 4m. Taking the limit we obtain 7(7) > §. 

(3) By Proposition [7] we have 7(7(l x ™)) > 7(7(l x5 )). Assuming 7((3m) x5 ) 5m _i ^ gives (by 
Proposition^ an element of degree 3m — 3 in 7(3m), a contradiction. Hence a(7(l x5 )( 3m )) > 5m 
and the claim follows. 

(4) By Theorem i] 

7U(1 X24 ))>7(/(2,2,1 X8 )). 
Assume that there exists an element of degree 23m — 1 in 7(18m, 18m, (9m) x8 ). By Proposition 
[5] there exists an element of degree 15m — 3 in 7((9m) x6 , 11m — 2, 11m — 2, m — 2, m — 2). Again, 
by Proposition [5] there exists an element of degree 9m — 9 in 7(9m, . . . ), a contradiction. Hence 
a(7(2,2, l x8 )( 9 ™)) > 23m and the claim follows. 

(5) If 

7(6m, 6m, 6m, 3m, 3m)s m -i 7^ 

then, by Proposition [SJ 

7(3m, m — 2, m — 2, m — 2, —2m — 2)3 m _3 7^ 0, 

a contradiction. As above, the claim follows. 

(6) If 

7(6m, 6m, 3m, 3m, 3m)7 m _i 7^ 

then, by Proposition [SJ 

7(3m, 2m - 2, 2m - 2, -m - 2, -m - 2) 3m _ 3 ^ 0, 
a contradiction. As above, the claim follows. 

□ 

Proposition 12. Let n > I, let I = 7(1 yn ), let 

s\ (s + 1 

z) <n -{ 3 
7/7(7) > ^±1 t h en /(3r) c M 2r 7 r for allr>l. 

Proof. Let < k < n, let t > 1, observe that 7(l xfe ) t is a finite dimensional projective vector space over 
K. If / G 7(l xfe ) t then taking an additional point p£P 3 such that f(p) 7^ we get 

dim K 7(l x ( fc+1 ') t = dim K 7(l xfc ) t -l. 

Let t > s - 2. Then 

^ + 3 



dim K 7 t = dim K 7(l x ") t 
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and 

dim K (K[P 3 ]/7) t =n = dim K (IK[P 3 ]/7) s _ 2 . 
From the above equations we can see that the Hilbert function of 7 is equal to the Hilbcrt polynomial 
of 7 for degrees at least s — 2, hence the Castelnuovo-Mumford regularity of 7 is at most s — 1 and 7 is 
generated in degrees at most s — 1 . 

From Proposition [7] and our assumption 

^1> 1{ I ) > S -±1, 
3r - n ' ~ 3 ' 

thus 

a(7 (3r) ) > r(s + 1) = r(s - 1) + r(3 - 1). 
By [Har-Hun 111 Proposition 2.3] 1^ C M 2r F . □ 

Theorem 13. For n > 512 and I = 7(1 x ") we have C A7 2r 7 r . 
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Proof. Take s > 1 such that 
let 

Since 
we have 

hence 



< n < 



8 + 1 

3 



s = V6n + 2. 
s(s-l)(s-2) > (s-2) 3 



'6n > f/6 



> s - 2, 



s > s. 



Consider three cases: 

• 8 fc < n < 3 • 8 fe for some k > 0. By Propositions 171 fTUl and fTTI we have 

7 (/(l x ")) > 1 {I(l xS ")) > 2 k 1 (I{l)) > 2 k . 
By easy computations we check that k > 3 and 

^18 1 

^ — + ¥> 

hence 



2 k > T 



T8 



1 



^6 • 3 • 8 k + 3 > y/fa + 3 _ 5+1 > s + 1 



3 ' 3 3 3 

which, by Proposition [T21 completes the proof in this case. 
3 • 8 fc < n < 6 • 8 fc for some k > 0. By Propositions [TOJ El and [TTJ we have 

7 (/(l x ™)) > 7 (/(l x ( 3 - 8 ' i ))) > 2 fe - 1 7 (/(l x24 )) > 2 k — . 

18 

By easy computations we check that 

23 



_ s/36 
18 - ~ 



1 

2*' 



hence 



2 fc — > 2 k 



'36 



! ^6 • 6 • 8 fe + 3 > v 7 ^ + 3 _ s+1 > s + 1 



18 - 3 3 3 

which, by Proposition [T21 completes the proof in this case. 
6 • 8 fc < n < 8 • 8 fc for some k > 0. By Propositions [TO] and [UJ we have 

7 (/(l x ™)) > 7 (/(l x ( 6 - 8fc ))) > 2 fe 7 (/(l x6 )) > 2 k -. 

3 



By easy computations we check that 



1 



5 S/48 

- > h -r. 

3 - 3 2 fe ' 



hence 



! _ v^6 • 8 • 8 fe + 3 > ^fc + 3 _ s+1 > s+1 



3~ 3 3 3 3 

which, by Proposition [TO] completes the proof in this case. 



3 ' 



Theorem 14. For 5 < n < 511 and I = I(l xn ) we have 1^ C M 2r V . 
Proof. Take s satisfying 

s\ (s + 1 

3/ " 3 

We will consider the following cases, in each case using Propositions 171 [TO1 fTTI and 
• s = 15 or s = 14, then n > 365. We have 

7(1) > 7(/(l x(5 ' 64) )) > 4 7 (/(l x5 )) > I > Itl. 



• s = 13 or s = 12, then n > 221. We have 

l(I) > 1(1(1 x(3-64+3. 8))) > 27(1(2,2,2,1,1,1)) > f > S -±±- 

• s = 11 or s = 10 or s — 9, then n > 85. We have 

1(1) > 7(/(l x64 )) > 4 7 (/(l)) > 4 > ^±1. 

• s = 8 or s = 7, then n > 36. We have 

7 (I) > 7U(1 X(4 ' 8) )) > 2 7 (/(l x4 )) > y > 

• s = 6, then n > 21. We have 

x 20 \ n - , T /„ „ * , > 7^ S + 1 



7(7) > 7 (/(l x20 ))> 7(^(2,2,1, !,!))>-> 



3 ~ 3 

• s = 5, then n > 11. We have 

7(/)>7(/(l x8 ))>2 7 (/(l))>2>^. 

• s = 4 then n > 5. We have 

x5v - 5 - s + 1 



l(I)>l(I(l xb ))> r > 



3 ~ 3 



3. Results for P jv and n < iV + 1 



□ 



Proposition 15. Lei 1 < n < N+l, letpi = (l:0:...:0),p 2 = (0:l:Q:...:0),...forj = l,...,n 

be fundamental points in F N , let I = I(l yn ), let J = n" =1 m Pj . Let r > 1. // J (Nr) C M { - N - 1 ^ r J r then 
j{Nr) c ^(JV-l)rjr^ 

Proof. Every sequence of n < N + 1 general points in can be transformed by a linear automorphism 
into a sequence of n fundamental points. Since composing with linear forms does not change the degree, 
the claim follows. □ 

We will now consider only ideals for a sequence of fundamental points. We can explicitly write down 
which elements belongs to such an ideal. For a sequence (ao, ■ ■ ■ , ajsr) of N + 1 nonnegative integers let 



j(ao,...,<w) = x a . _ _ _ . x on e K jp. 



: >1 



N 

Proposition 16. Let I be an ideal of n < N + l fundamental points, let m > 1. Then (I^ m ^)t is 
generated by the following set of monomials: 

N 

M = M(n, m) t 

3=0 



j a .(a 0l ...,<w) : J2aj =t, a k < t - m for k = 0, ...,n-l|. 



Proof. Observe that for (ao, • • • , a at) satisfying X^jLo a i = ^ ^ nc following are equivalent for each fc: 

(1) a k <t-m, 

N 

(2) ^ aj > to. 
Observe that 

t"(l:0:...:0) = ■ ■ -,X N ), 

hence 

N 

^j-.u I L 

which is exactly (0) for fc = 0. Similar inequalities holds for other fundamental points. The proof is 
completed by Lemma [T7l □ 



Lemma 17. Let I, J be monomial ideals. Then 

I fl J = ({p G I n J : p is a monomial}). 
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Proof. Let / G I D J. We have 

where p^'s are monomials from I and r^s are monomials from J. It follows that, after reordering r^ if 
necessary, pj = rj for all j's and the claim follows. □ 

Proposition 18. Let I be the ideal of n, 1 < n < N + 1, fundamental points in P N , N > 2. Then 

j(JVr) c M (N~l)r r j Qr a U r >l. 

Proof. For n = 1 this is obvious since then /(^ = J^, so let us assume n > 2. 

Choose i > 0, by Proposition [16] it is sufficient to show that every element from Ai = Ai(n, Nr)t 
belongs to M^^T". Let x (a °>---' aN) G .M, of course i > iVr. Our aim is to show that 

x (a B ,...,a N ) =y . z ^ 

where y is a product of r monomials, each of them belonging to /, and z is a monomial of degree at least 
(N — l)r. Observe that, by Proposition [TBI x j <= I f° r 3 > ^ while for other indeterminates we have 

XjXk € / for j < n,k < n. 

Hence y should be equal to the product of r factors, each of them being either a single indeterminate Xj 
for j > n, or a product of two indeterminates XjXk for j, k < n. Let 

n-l N 
3=0 j=n 

If p > r then y can be taken to be a product of exactly r indeterminates, so deg y = r. Taking 
z = x ( a o,---,a N ) we obtain 

deg z = t — r > Nr — r = (N — l)r, 

hence z G M^^ 1 ^ . Now consider the case where p < r. Take p single indeterminates of the form Xj 
for j > n and 2(r — p) indetermines of the form for j < n in such a way that their product y divides 
x (a ,. ..,ajv)_ jt i s possible since 

2(r - p) = 2r - 2p < Nr - p < t - p = s. 
Thus y G 7 r , let z = x^ '-^ /y, we have 

deg(z) = s — 2(r — p). 

If t > (N + l)r then 

s - 2(r - p) = s + p - 2r +p > t - 2r > (N + l)r - 2r = (N - l)r 
and consequently z G M^" 1 - 1 ''. So now assume that 

f < (N + l)r. 

From n — 1 < N it follows that 

nN + n-2N-2<nN-N-l 

and hence 

t(n - 2) < (n - 2)(JV + l)r < (nJV — N — l)r. 
The above can be reformulated to 

2i> (JV + l)r + n(t-riV). 
We also know that a;( o 0v,ojv) g _/V4, hence 

n~l 

s = y~] aj < n(t ~ rN) 

3=0 

and 

(N + l)r + n(t - rN) > {N + l)r + s. 
The inequality 2t > (N + l)r + s can be reformulated to 

2(p + s)-2r-s > (jV-l)r 

which is equivalent to 

s - 2(r -p) > (N - l)r, 

which completes the proof. □ 
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